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Abstract
While it is useful to predict properties in metallic materials based upon the composition and microstructure,
the complexity of real, multi-component, and multi-phase engineering alloys presents difficulties when
attempting to determine constituent-based phenomenological equations. This paper applies an approach
based upon the integration of three separate modeling approaches, specifically artificial neural networks,
genetic algorithms, and Monte Carlo simulations to determine a mechanism-based equation for the yield
strength of α+βprocessed Ti-6Al-4V (all compositions in weight percent) which consists of a complex multi-
phase microstructure with varying spatial and morphological distributions of the key microstructural features.
Notably, this is an industrially important alloy yet an alloy for which such an equation does not exist in the
published literature. The equation ultimately derived in this work not only can accurately describe the
properties of the current dataset but also is consistent with the limited and dissociated information available
in the literature regarding certain parameters such as intrinsic yield strength of pure hexagonal close-packed
alpha titanium. In addition, this equation suggests new interesting opportunities for controlling yield strength
by controlling the relative intrinsic strengths of the two phases through solid solution strengthening.
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Abstract 
While it is useful to predict of properties in metallic materials based upon the composition 
and microstructure, the complexity of real, multi-component, multi-phase engineering alloys 
presents difficulties when attempting to determine constituent-based phenomenological 
equations extremely difficult. This paper applies an approach based upon the integration of three 
separate modeling approaches, specifically Artificial Neural Networks, Genetic Algorithms, and 
Monte Carlo to determine a mechanism-based equation for the yield strength of	α+β	processed	Ti-64	 which	 consists	 of	 a	 complex	 multi-phase microstructure with varying spatial and 
morphological distributions of the key microstructural features. Notably, this is an alloy that is 
not only widely used by industry, but also one for which such equation does not exist in the 
published literature. The equation ultimately derived in this work not only can accurately 
describe the properties of the current dataset but also is consistent with the very limited and very 
dissociated information available in the literature regarding certain parameters such as intrinsic 
yield strength of pure hexagonal close-packed alpha titanium. In addition, this equation suggests 
new interesting opportunities for controlling strength by controlling the relative strengths of the 
two phases through solid solution strengthening. 
Keywords: Titanium, Artificial neural networks, constitutive behavior, yield strength 
Final	(or	nearly	final)	document	prior	to	publication	in	Metallurgical	Transactions	A.	The	full	peer	reviewed	journal	article	is	available	at	http://dx.doi.org/10.1007/s11661-015-3072-4		
2		
 
1. Introduction 
Across a wide range of complex materials systems, it is highly desirable to predict the 
performance of a material based upon quantified descriptors of relevant parameters. For 
structural metallic systems, these descriptors often include: alloy composition, microstructure, 
and defect structures. Indeed, for a given material, the provision of such a phenomenological 
equation accurately coupling these descriptors to a given property (e.g., yield strength) is a 
principal component of Integrated Computational Materials Engineering (ICME) frameworks 
and the Materials Genome Initiative [1-3]. 
The benefits afforded by a phenomenological equation that can accurately predict properties 
are well understood, and include reduced design time and risk of inserting material in new 
applications and understanding the role of variations in composition and microstructure on the 
materials design allowables. However, as the relationships between the compositional and 
microstructural variables are complex and the variables often interrelated, these relationships are 
not understood, negatively impacting computational the subsequent development of 
computational tools. For example, there have been great advances in the development of 
computational tools to predict elastic properties in complex multi-phase alloys [4, 5]. Similarly, 
there have been advances to predict the elastic-plastic behavior in single-phase materials. 
However, the approaches to predict elastic-plastic properties of multi-phase materials can often 
be elusive, given that a phenomenological equation or components thereof are requisite inputs 
into the models. Indeed, only rarely have researchers been able to deduce equations through 
extensive experimental and modeling efforts on well-studied materials systems, including, for 
example, Al-based automotive casting alloys [6] and some Ni-based superalloys [7]. However, 
as noted above, owing to the complex and often interdependent roles that composition and 
microstructure have on the strength of material through the potential mechanisms in structural 
metallic systems [8], such phenomenological equations are the exception rather than the norm. 
The complex interplay of composition and microstructure that is present for a wide variety of 
titanium alloys provides a very good example of the difficulties faced experimentally. Consider 
the microstructure shown in Fig. 1 of an α+β processed Ti-6-4 alloy. This material, once 
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subjected to mechanical working in the α+β two-phase field followed by cooling and aging, 
exhibits a complex microstructure comprised of two phases, the hexagonal close packed (hcp) 
alpha phase and the body centered cubic (bcc) structures. Further, the hcp alpha phase is present 
in two distinct morphologies and length scales. The first morphology is a coarser feature often 
called equiaxed alpha. The hcp alpha that exhibits particular morphology usually does not share 
the traditional hcp/bcc Burger’s orientation relationship with the bcc beta [9]. The second 
morphology is a finer elongated feature and is described as lath-like and does maintain a 
Burger’s orientation relationship with the bcc beta phase. The distribution of these features and 
the strong influence of certain alloying elements (Al, O, Fe, V) results in a wide range of 
properties that can be achieved in this alloy (σys~700 to 950 MPa). Yet, it has been proven to be 
impossible to systematically vary the key compositional and microstructural parameters in order 
to determine a relationship between the parameters and the attending properties. The challenge 
associated with the problem is illustrated nicely in the work of Kar et. al. [10] who point out the 
natural scatter in the data when only considering one variable, and note the great difficulty that 
one would face attempting to extract a direct relationship via traditional regression-based 
approaches. Their solution to the problem, and one adopted in other similar work [11-15] was to 
use artificial neural networks, such as those based upon Bayesian statistics [16-19], to formulate 
the interrelationships that exist among the various input variables. The details of the Bayesian 
neural network are well described in these other papers, and are not reproduced in this paper. The 
important element for this paper is that these Bayesian neural networks often rely upon a very 
flexible mathematical function such as the hyperbolic tangent function which does not seemingly 
reflect the forms of strengthening equations rooted in fundamental physics. 
These efforts have been notable in their ability to make interpolative predictions of yield 
strength [20, 21], toughness [22], creep [23], and fatigue [24]. Further, significant progress was 
made towards understanding potential strengthening mechanisms in these papers as the concept 
of virtual experiments was introduced as a way to assess the relative influence of input variables 
on the output. However, the forms of the equations that can be generated by optimized 
architectures of neural networks are often quite complex. Additionally, such complex forms do 
not readily present the interrelationships between composition, microstructure, and properties in 
the well-established forms i.e., it appears as if these optimized neural network equations do not 
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capture the physics of the problem. In addition, the very flexible equations used are 
interpolative, and there is a significant risk when attempting to predict beyond the given dataset 
as the equation may deviate significantly (and unexpectedly) just outside of the dataset.  
 Herein lie the two main problems. While the equation may be generally valid within the 
particular dataset for which the physics are unknown and the interrelations complex, the 
incorporation of weights and the flexible hyperbolic tangent function, once extracted, does not 
appear to possess the same forms as would be expected were the physics to be known. Further, 
the risk of making incorrect predictions for compositional or microstructural conditions that lie 
beyond the database (i.e., extrapolation) is significant. A physics based equation would 
potentially reduce the risk for extrapolation, assuming that details of the operating mechanisms 
do not change (e.g., the type of operating dislocations in hcp materials is independent of 
composition) or do change, but the changes occur at well-understood boundaries.  
An Example: Consider a very simple problem, namely the influence of grain size on yield 
strength in a single phase bcc crystal for which there is a strong influence of grain size on yield 
strength. Classically, the problem is best represented using the “Hall-Petch” relationship [25-28] 
taking the form shown in Eq. 1, where the yield strength, σys is related to the intrinsic strength of 
the material (σ0), a material constant (ky) and grain diameter (d). For a material where the 
variation in strength levels that may be obtained is governed exclusively via the Hall-Petch 
relationship, it is trivial to determine the unknown material constant, ky and intrinsic strength of 
the material, if not previously known. 
                 (1) 
 This equation is rooted in dislocation theory, and takes a form where the physics have been, 
more or less, directly captured [8]. A summation of weighted hyperbolic tangent functions, while 
mathematically accurate within the bounds of the database, cannot be as instinctively related 
with the physics of the problem. Further, any possibility of extending the realities of physical 
mechanisms (e.g., grain size strengthening) beyond the database of interest may not be feasible 
with the more complex yet highly flexible fitting functions, depending upon their form. This 
reality is concurrently both the prime motivation for the use of neural networks (the physics need 
€ 
σ ys = σ 0 + ky ⋅ d
−
1
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not be understood) and the cause for suspicion in their broad exploitation (the physics are not 
clearly illuminated).  
 This paper presents a novel approach by which the flexibility of an artificial neural network 
(relating inputs to outputs through a complex hidden layer) can be harnessed, and deconstructed 
into a form that attempts capture the physics according to legacy understanding, as specifically 
applied to understanding composition-microstructure-property relationships. The deconstruction 
approach described in this paper includes a framework in which the artificial neural network 
passes information to genetic algorithms, which minimizes the difference between a postulated 
equation containing potential operating mechanisms and the complex hyperbolic tangent 
function, which has been adopted as the most flexible transfer function after the work of other 
researchers [10, 15, 20]. The details of this approach, as well as the application to the titanium 
material described previously, will be presented. 
 
2. Methods 
2.1. Experimental techniques 
The experimental dataset that has been used for this work was developed under previous research 
programs by researchers, including Collins, while at The Ohio State University. Briefly, nine 
titanium alloys were designed not only to lie within the specification range of the alloy Ti-6Al-
4V (all compositions in wt%) but also systematically capture extreme regimes of the 
specification space. Thus, these alloys were produced with systematic variations in the amount of 
important elements, including not only the Al and V levels, but also the O and Fe levels.	The 
ranges of the alloy variations as measured by Timet using the inductively coupled plasma (ICP) 
method, are as follows: 	 	 Al: 4.76-6.55; V: 3.30-4.45; O: 0.07-0.20; Fe: 0.11-0.41 	 A total of 54 samples were produced by subjecting each of the nine alloy compositions to 
different thermo-mechanical processing histories. As the numbers of specimens were rather 
limited, the possible influence of texture was excluded by taking all specimens from the same 
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radius of each round billet, thus minimizing the differences in strain and the attendant texture 
during evolution. Thus, texture is not included as a set of input variables in the present model. 
However, it is recognized that texture is an important variable. Thus, the phenomenological 
equation will be annotated to show where texture would be present in future efforts.  	 Each of the 54 samples was subjected to room temperature tensile testing. Following testing, 
an undeformed section of the grip from each sample was sectioned and prepared using traditional 
metallographic preparation techniques. The material was characterized using optical microscopic 
techniques and an FEI FEG Sirion scanning electron microscope (SEM) operating in 
backscattered electron imaging mode at 15 kV with a resolution of approximately 3.0 nm. 
Microstructural features including the equiaxed α size (equiaxed	 α	 size, µm), the volume 
fraction of equiaxed α,	 the volume fraction of total α, and the width of the	 α-laths in the 
transformed	 β	 regions (α-lath width,	 µm) were quantified using the stereological techniques 
described elsewhere	[29]. 	
	
2.2. Computational approach 	 Three different computational approaches have been integrated in this work. They will be 
described while concurrently describing the integrated approach adopted in this paper. 
2.2.1. Artificial Neural Networks 							The architecture of artificial neural networks has been described previously in other articles. 
In particular, the work of H. Bhadeshia [14-16] and his colleagues have, over the years, helped to 
bring artificial neural networks into the main for materials science research [19, 22-24, 30, 31]. 
While much of the published work has focused on the effects of composition and processing on 
the resulting material properties [32-35], his papers have inspired other researchers to assess 
other systems and, in particular, explore the influence of not only composition but also 
microstructure on the resulting properties [36].  	 For this work, the experimentally determined billet composition, sample microstructure, and 
sample tensile property data was used to populate a database for subsequent analysis. The 
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database was separated into two parts, one for training (40 samples), and the other for testing (16 
samples). This paper also exploits the concept of a committee model, wherein the best model 
architectures can be combined to obtain a better result. This probabilistic neural network was 
used to develop a model which captures the interrelationships between composition and 
microstructure and subsequently predicts properties of	 α/β	 processed Ti-6Al-4V. The 
development of these models has been described elsewhere [10, 20, 37, 38]. One powerful use of 
the neural networks is to conduct virtual experiments, where after the model has been developed, 
all variables but one are kept fixed at a given value while the remaining variable is allowed to 
vary over its range. This permits the interrogation of the influence of separate compositional or 
microstructural variables on the property of the material. A result of such a virtual experiment is 
shown in Fig. 2b and compared against the raw data in Fig. 2a. As will be seen, these virtual 
experiments are key to understanding whether a proposed phenomenological equation is 
sufficiently similar to the neural network. 
2.2.2. Genetic Algorithms 		      While artificial neural networks (ANNs) have increasingly gained acceptance as a tool to 
provide predictive tools for various aspects of materials science, genetic algorithms have largely 
been neglected. Indeed, although Bhadeshia explored briefly the use of genetic algorithms 
separate from neural networks, he found them to be less effective than neural networks [39]. He 
did not seek to combine them as the authors present in this paper. 
 Genetic algorithms are highly flexible optimization tools to seek the global extrema of a 
problem. Most often, the problem takes the form of a function or a solution to a large database 
search. The strategy that genetic algorithms use is analogous to natural selection. The algorithm 
continually and repeatedly modifies a population of individual solutions to a solution ‘string’ if 
solving for multiple unknowns, as is the case here. For every step, the algorithm selects the 
“fittest” individual solution strings (based upon selection rules). These solution strings are then 
“parents” and used to produce the next generation of potential solution strings. Over successive 
generations (algorithm iterations), the overall population of solution strings “evolve” toward an 
optimum solution. The traditional flowchart of genetic algorithms is shown in Fig. 3a. 
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	 Initialization, the selection of the initial population, may be accomplished either through 
random selection or seeding to a range for which the optimum solution is likely to be found. In 
order to accelerate the process on a single desktop computer, seeds were given where any 
rational guess could be made. For example, the range of the intrinsic flow stress of the hcp alpha 
titanium was set to bound the two data points that exist in the literature.  	 To the best of the authors’ knowledge, genetic algorithms have never been used in the 
approach described below. In this approach, the genetic algorithm has been asked to seek 
solutions to an equation presumed by the user such that absolute difference between the 
predicted output (yield strength) and experimentally measured value is minimized across a well-
populated database. Figure 3(b) provides a simple example where a database for Mg at 200°C 
[40] containing grain size and yield strength is the input database. The postulated equation 
contains not only the two terms known to be important in a system whose properties are well-
described by the Hall-Petch relationship (b=ky, c=σ0), but also a third term that would not be 
present in a Hall-Petch relationship (i.e., ax3). As shown in Fig. 3b, the genetic algorithm 
correctly eliminates the ax3 term while optimizing both b (ky) and c (σ0). Further, the optimized 
parameters are rational for Mg at this temperature – σ0=14.97MPa, ky=1.99 MPa⋅µm½, both 
rational values.    
 The challenge comes in hypothesizing the form that an equation may take.  An example of a 
rather general equation that may be presumed for yield strength, incorporating potential 
strengthening mechanisms, may be generalized as shown in Eq. 2. 
	 	 						(2)	
where	σO	is the intrinsic flow strength of the material without any other contribution to strength, 
σSS	is the contribution from solid solution strengthening,	σppt	is the contribution from precipitate 
strengthening,	σdisp	is the contribution from dispersion strengthening,	σgrainsize is the contribution 
from grain size effects (i.e., the Hall-Petch effect),	σinterface	 is the contribution from interfacial 
strengthening. Other strengthening mechanisms, such as forest hardening, are not included in the 
example equation above. The expansion of this general equation is described in section 2.3, and 
€ 
σ ys = σ o + σ ss + σ ppt + σ disp + σ grainsize + σ interface + ...
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is based upon an individual assessment of the components to yield strength, as illustrated in Fig. 
4. 	 In reality and as expressed in Fig. 4, each of these individual components may be quite 
complex. For example, the single term for solid solution strengthening in a multi-phase multi-
component alloy not only contains many weighting pre-factors, which are largely unknown, but 
also takes a form that is dependent upon whether the individual alloying elements act as 
individual species or synergistic manner. A further complication is the fact there is disagreement 
regarding the forms of the equation. Consider solid solution strengthening of an individual 
alloying addition in a dilute binary system, where the increase in strength above σ0 is often 
generalized to the form shown in Eq. 3. 
	 	 																				(3)		 Interestingly, the precise form of n, which is itself only a fitting parameter, is either taken as 
1/2 or 2/3 depending upon the source. Thus, as it will be seen in this work, when including this 
effect, n has been taken as a variable that requires optimization.  	 	Once the equation has been optimized, genetic algorithms provide two opportunities for 
feedback. The first is that the weighting pre-factors, once determined, can take values close to 
zero. For these cases, it may be reasonable to conclude that the contribution of these potential 
strengthening mechanisms on the physical property of interest is negligible when considered 
against the other attending strengthening mechanisms. The second is that it is possible to 
exercise the optimized equation in a manner equivalent to the artificial neural networks such that 
the virtual dependencies of the two equations (the artificial neural network summation of 
complex hyperbolic tangents and the genetic algorithm optimized phenomenological equation) 
can be compared. It is expected that this latter feedback will help to identify if an individual 
input variable has not been properly (e.g., the form is incorrect) or fully (e.g., it is a factor in an 
additional yet not included strengthening mechanism) captured in the phenomenological 
equation. 	 It should be noted that the authors fully recognize that there may be more elegant methods to 
compare the optimized equations from the neural network and genetic algorithm approaches, 
€ 
σ ss = Acn ,n is 12   or  2 3
Final	(or	nearly	final)	document	prior	to	publication	in	Metallurgical	Transactions	A.	The	full	peer	reviewed	journal	article	is	available	at	http://dx.doi.org/10.1007/s11661-015-3072-4		
10		
such as principal component analysis of Taylor expansions of both equations or a minimization 
routine comparing the virtual experiments of both equations. However, this is beyond the scope 
of this paper. 
 
   
2.2.3. Monte Carlo Simulations  					Experiments or methods based upon a Monte Carlo approach incorporate random events to 
calculate a probabilistic solution (or an outcome) to a problem (or a complex event). Most 
commonly, these approaches are exploited when an exact solution is not likely, principally when 
the problem cannot be described in a deterministic manner [33]. Monte Carlo simulations are 
used widely in materials science problems where the cascading uncertainties of each successive 
step make an exact solution highly unlikely, including, for example, predictions of 
microstructure or microstructural evolution, electron microscopy simulations, and studies related 
to surfaces or grain growth [34-37]. This paper seeks to incorporate a very simple Monte Carlo 
strategy to understand whether a given phenomenological equation is as accurate as the neural 
network model  (for a given database) given these precepts: (1) both legacy and current state-of-
the-art phenomenological approaches are based upon average microstructural and compositional 
inputs; (2) equations that are easily expressed (e.g., phenomenological equations) are 
intrinsically deterministic and often fail to capture uncertainties; (3) experimental data contained 
within the databases are currently expressed as averages; and (4) associated with these averages 
are uncertainties which are not typically captured in predictive tools. Importantly, including a 
primitive Monte Carlo approach provides a means to “referee” whether the results of the 
deterministic equation optimized using the genetic algorithm will predict a range of property data 
which is approximately equivalent to the error as predicted using the neural network, given the 
microstructural uncertainty. In other words, this determines whether the potential errors of both 
the neural network and the genetic algorithm inspired phenomenological equation are nominally 
equivalent. 
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	 Following this intent, Monte Carlo simulations were used to study the effect of uncertainty of 
data points on the yield value. The average of the individual standard deviation values for each 
of the given microstructural features (for each of the 54 specimens, imaged multiple times) from 
the experimental database were taken as the uncertainty values for the four microstructural 
features. Different random possibilities were studied using 3000 iterations to determine the 
maximum yield deviation values with respect to the value predicted by the genetic algorithm for 
each variable as randomly modified within the deviation allowed by the database while the other 
variable were held constant at their average values (identical to what is done using neural 
networks). Thus, this elementary Monte Carlo technique allowed for the incorporation of 
uncertainties in the optimized results of genetic algorithm and a direct comparison with the 
results of Bayesian neural networks. 	 The	integration	of	the	three	computational	approaches	is	illustrated	in	Fig.	5.	It	should	be	noted	 that	 the	 integration	of	 the	of	 the	neural	networks	and	genetic	algorithm	is	very	good	 at	moving	 toward	 an	 optimum	 solution	 (based	 upon	 the	 rules	 given	 to	 the	 genetic	algorithm),	the	ultimate	progress	towards	the	“best”	solution	takes	progressively	longer	as	the	differences	between	the	iterations	becomes	smaller.		Thus,	after	the	genetic	algorithm	has	 been	 used	 to	 identify	 a	 nearly	 fully	 optimized	 equation,	 it	 required	 small	 manual	adjustments	to	reach	the	final	equation.			
2.3 The Postulated Equation 
 Based upon the virtual dependencies extracted from the artificial neural network and based 
upon well-established forms of equations for strengthening mechanisms as outlined in Fig. 4, Eq. 
4 has been proposed as the equation for which the unknowns have been optimized using the 
genetic algorithm. A brief description of and justification for the various terms follows and may 
be understood by considering Fig. 4. 
Equation 4 follows: 
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Intrinsic strength of the material: Absent of any strengthening mechanism, this value is the 
materials lowest strength level (i.e., σys=σ0), and is shown as mechanism 1 in Fig. 4.  In a multi-
phase material, a rule of mixtures incorporating phase fractions (FV) may be adopted, as is done 
in the first term of Eq. 4, and mechanism 5 in Fig. 4. 
Solid solution strengthening:  The simplest version of the solid solution strengthening equation, 
noted previously in Eq. 3, is the second and third lines of Eq. 4, and mechanism 4 in Fig. 4.  The 
postulated forms for solid solution strengthening are different for the hcp alpha phase and the bcc 
beta phase. In this system, the hcp alpha phase has only one substitutional atom (Al) and one 
interstitial atom (O), resulting in a simple additive term.  However, in this system, the bcc beta 
phase has two substitutional atoms (V and Fe), requiring that synergistic effects are considered 
as possible.  Interestingly, the general form given in Eq. 4 for “potential synergistic solid solution 
strengthening” will fit to both independent and synergistic interactions, depending upon the 
exponents [41, 42]. Note that these two lines are also taken as weighted averages of the two 
phases. 
Hall-Petch effects:  In the titanium literature, it has been postulated that reducing the size of 
equiaxed alpha particles, the scale of domains of colony alpha within the transformed beta 
regions, and the size of the alpha laths are associated with observed increases in strength. Based 
upon the development of the equation as presented in the results and discussion, it was observed 
that the simplified yet classically known Hall-Petch relationship (σys = σ0+kyd-½) might be 
included for the equiaxed alpha particles, which best approximates the single-phase structures for 
which the classically known Hall-Petch relationship was derived. However, for the alpha laths, a 
more fundamental understanding of the Hall-Petch relationship must be recalled [8]. In the 
original derivation of the Hall-Petch relationship, the stress acting on a source in the adjacent 
grain of the same crystal structure but not necessarily of the same orientation is considered. The 
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stress concentration (σconc), which is a function of the number of dislocations in a pile-up at the 
grain boundary, is inversely proportional to the distance r between the new dislocation source 
(Snew) and  σconc. Thus, before the original Hall-Petch is reduced to its final form, it is effective to 
consider the form σys = σ0+m2⋅ τcrit⋅r½⋅ ⋅d-½, where m is an orientation factor (in this case, 1, as 
there is no misorientation expected between adjacent laths in a colony). Usually, the exponential 
forms are of ± ½, and ky is then set equal to m2⋅ τcrit⋅r½. However, for this material, the operating 
source is likely at the next interface, thus r is simply the thickness of the β-ribs. Further, it is not 
necessary to presume a ½ dependency of both r and d. Thus, the modified Hall-Petch 
relationship for alternating α-laths and β-ribs is given below in Eq. 5.  
Equation 5 follows: 
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Constrained β strengthening: A highly constrained phase, such as the beta ribs, may exhibit a 
greater strength than expected in a fashion similar to precipitation hardening, where the 
interfaces might act to hinder dislocation activity.  Yet this is potentially offset in the activation 
of a source at the neighboring α-lath interface.  While originally included, it was determined this 
does not contribute to strength in any manner other than that described in the previous section 
and Eq. 5.  
The presence of basketweave:  In the alloy Ti-6Al-4V, there are two possible microstructural 
types of the α+β phases that result upon cooling from a parent β phase.  If the cooling is slow, 
the microstructure typically adopts a colony microstructure where the α-laths share a common 
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crystallographic variant and are parallel to one another.  If the cooling is more rapid, the 
microstructure is described as a Widmanstätten (or ‘basketweave’) microstructure that consists 
of several different variants of alpha laths which are not parallel to one another. Not surprisingly, 
the basketweave microstructure is much stronger. In fact, its presence in very large grains in β-
processed material has been associated with an apparent inverse Hall-Petch relationship [10]. In 
reality, it is likely that colonies are soft due to either slip transmission or the fact that the 
misorientation of a favorably oriented slip plain in the adjacent lath is very small, effectively 
increasing the m factor previously described in the section on “Hall-Petch effects”. In order to 
capture the fact that the basketweave microstructure is much stronger than the colony, two 
developments are noted.  The first is that the most rapidly cooled specimens have basketweave 
present, but their fractions were not measured in the original dataset. Thus, the fractions are 
included by setting the value equal to the values of a companion dataset of β-processed material 
of the same chemistry variations and subjected to nominally equivalent cooling rates. The second 
is that the equation has been modified to include the following term: 
€ 
σ basketweave = A ⋅ σ SS ⋅ FV
transformed −β ⋅ FV
basketweave _ in _ trans−β 						(6) 
where A is a factor to capture the influence of the basketweave, σSS is the previously calculated 
solid solution strengthening term (both α and β), and the latter two terms are the fraction of 
transformed β (i.e., non-equiaxed alpha) and the expected fraction of basketweave observed in 
transformed β microstructures. 	 As presented in Eq. 4, the 16 unknowns in this equation are: the intrinsic flow strength of the 
alpha	 and beta phases (σOα	 and	 σOβ,	 respectively), the four solid solution strengthening 
precursors (AAl, AO, AFe, and AV), the exponential forms of each separate solid solution 
strengthening term (nAl, nO, nFe, and nV), the exponential forms required to determine whether 
synergistic effects are present or absent (n1, n2, and n3), the ky (kyequiaxed-a and kya-laths) and 
exponent (n4 and n5) constants for the effect of Hall-Petch strengthening of the equiaxed alpha 
particles, thickness of the alpha laths and beta ribs,	A is a constant for the increased strength of 
the basketweave portion of the microstructure. 
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 Clearly, one can see the difficulty of treating such a postulated equation for the yield strength 
of a multi-component, multi-phase common engineering alloy.  	 	
3. Results and Discussion 
Interestingly, one of the first results is that the genetic algorithm has been very successful at 
determining reasonable values of the unknowns that brings the uncertainty of the model to within 
± 4%.  This is a poorer fit than the neural networks, and there is some deviation of the various 
exponents with those expected by theory. As noted previously, once the genetic algorithm gets 
close to an ideal solution, each successive step takes longer to reach the optimum solution. Thus, 
starting with a solution that is quite close, the genetic algorithm of the equation was manually 
refined, producing in a physically based equation where the exponents matched theory and the 
predictions of the model were found to be less than ± 3%.  This manual refinement was very fast, 
whereas the genetic algorithm marches slowly to the solution once the solution is close.  This 
may be due to the ability to track the distribution of the predictions during the refinement 
whereas the genetic algorithm is rigorously and unfalteringly optimizing to a rule or two (e.g., 
minimum average deviation). The distribution of data presented as a histogram and given as the 
relative % difference between the experimental data and predicted data, are shown in Figs. 6a-c 
for neural networks, genetic algorithms, and refined genetic algorithms respectively.  It is 
expected that a properly written rule may help the genetic algorithms more rapidly find the 
solution, eliminating the need for refinement.  
 Following automated execution of the genetic algorithm and subsequent refinement, the 
virtual experiments for the phenomenological equation have been calculated.  Compositional and 
microstructural virtual dependencies determined by the artificial neural network and genetic 
algorithm are given in Figs. 7(a-d) and Figs 8(a-d). Clearly, the predicted results using both the 
hyperbolic tangent functions of the neural network and the phenomenological are in very close 
agreement. The expression as determined by refining the genetic algorithm is presented in Eq. 7. 
Following the equation, each of the major terms will be discussed and, where possible, 
considered in light of the legacy information. 
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Equation 7 follows: 				
 
3.2. Intrinsic Flow Strength  
     There are numerous sources which present yield strength of commercially pure titanium [43-
46]. It is important to present some basic information regarding “commercially pure” titanium. 
Firstly, given the proclivity of titanium to getter many other elements, it is difficult to obtain 
highly pure titanium. Secondly, commercially pure titanium technically represents a class of 
alloys with varying degrees of oxygen and iron present. For example, grade 2 contains up to 
2500 ppm O and 0.3 wt% Fe while grade 4 contains up to 4000 ppm O and 0.5% Fe. Clearly, 
such “commercially pure” alloys are not equivalent to high purity titanium. Thus, the 
“numerous”	 sources have been reduced to two sources which make the following claims. The 
first claim is for the generally accepted yield strength for well-annealed titanium with a very low 
dislocation density and a few small angle grain boundaries [47]. This source claims the yield 
strength of such pure titanium is 78.45 MPa. The second source [48] discusses the room 
temperature critical resolved shear stress for basil slip (110 MPa) and prism slip (49 MPa). 
Notably, these two values [43] comfortably straddle the yield strength of pure titanium at room 
temperature [42]. The genetic algorithm model has solved for the average (i.e., orientation 
independent) intrinsic yield strength of pure hcp titanium and gives a value of 89 MPa. This 
value is not only very close to the value of 78.45 MPa given in source [42] but also does not, as 
of yet, consider texture. Thus, the extracted value of 89 MPa is a reasonable value of	σOα.	While 
there exists a nominal value for room temperature intrinsic flow stress of the hcp alpha phase 
(the thermodynamically stable phase at room temperature) against which the value determined 
by the genetic algorithm has just been compared, no value currently exists for the bcc beta phase 
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of pure titanium at room temperature, as this is not a stable phase. However, one may presume 
the intrinsic flow stress of the bcc beta phase would be less than the hcp alpha phase given the 
larger number of slip systems. Prior to solving the equation, the best guesses of the authors, 
based upon previously reported values of well annealed pure bcc elements at room temperature 
[49], is that the intrinsic flow stress of the bcc beta titanium phase could range from 40 MPa up 
to 89 MPa - the flow stress of the hcp alpha titanium. The solution of the intrinsic yield strength 
of pure bcc titanium	(σOβ) has been determined to be 45 MPa by the refined genetic algorithm, 
providing, for the first time, an approximation for this value.  	 While not the subject of this paper, it is important to note that, in principal, the inclusion of 
texture would be managed through a modification of these terms. The values of the hcp alpha 
and bcc beta phases extracted in this paper do not consider texture and may, in principal, have 
captured a non-changing but present texture term from our dataset. Thus, in theory it might be 
better to label these according to Hill’s nomenclature for a generalized yield criterion [50],	σOm,α	
and σOm,β. This theory, once generalized, can be written as Eq. 8.		
	 	 					(8)	
	 In this equation, the exponent m is the degree of anisotropy and F, G, H, L, M, N are 
experimentally determined. The authors present this as a modification of the equation but do not 
propose solutions to this modification, as it would need to be derived for other, more extensive, 
datasets. Based upon previous research [51], the texture of the material can increase the strength 
by at least 20% at room temperature and up to 60% at elevated temperatures, owing to a 
temperature dependence of the individual slip systems that are non-uniform. 
3.3. Solid Solution Strengthening 
     A brief review of theories regarding solid solution strengthening is relevant to the 
observations presented in this paper. Generally, the origins of the interactions between the solute 
atoms and dislocations may be described as (1) electrostatic in nature, (2) due to elastic constant 
differences between solute and solvent atoms, and (3) due to differences in the strain fields 
€ 
σO
m = Fσ 2 − σ 3
m + Gσ 3 − σ1
m + Hσ1 − σ 2
m + L 2σ1 − σ 2 − σ 3 m
                 + M 2σ 2 − σ 3 − σ1 m + N 2σ 3 − σ1 − σ 2 m
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between solute atoms (in the host alloy) and strain fields of the dislocations [46]. Of these three, 
the latter is often said to contribute the most to solid solution strengthening. The subsequent 
discussion contains additional details regarding how the asymmetry of strain fields contribute in 
hcp alpha titanium, as well as the interactions of multiple solute atoms in the bcc beta titanium 
crystal structure. 	 With respect to experimental observations of solute effects in titanium, the previous state-of-
the-art was a regression analysis of various alloys which ranked the elements for their influence 
on yield-strength from highest (O) to lowest (Cb - sic., (i.e., Nb now)) [52]. The complete rank 
of elements included in this paper is O, Mn, Fe, Al, Mo, Ta, Zr, V, Sn, and Cb. With respect to 
this paper, the elements on this list that are considered are O, Fe, Al, and V, with: O>Fe>Al>V. 
An previous assessment of the neural networks alone [20] shows that the same trend was 
observed. The pre-factor values determined in this paper also show the same trend. The results 
for both the solution strengthening of hcp alpha titanium and bcc beta titanium will be discussed 
separately. 
3.3.1. Solution strengthening - hcp alpha titanium 	 While it is well known that Al and O have a strong influence on the yield-strength of 
titanium alloys, both a mechanism-based generalized equation and rationale for the order of 
magnitude are lacking in the literature. Equation 4 was developed based upon the assumption 
that, for the hcp alpha phase, the interstitial element (O) would not likely interact in a synergistic 
fashion with the substitutional element (Al). The authors acknowledge that this may not be the 
most valid assumption as it is clear that the electron interactions play a role, but that possibility 
has not been clearly established either in this work or in any previous publication. For the hcp 
alpha phase the precursors (A) and exponentials (n) were determined to be AO=745 MPa and 
nO=0.667 for oxygen and AAl=149.5 MPa and nAl=0.667 for aluminum. The exponents match one 
of the two n fitting parameters typically cited (i.e., n=½ or n=2/3). The values of the pre-
exponential term A cannot be easily assessed against any paper, but considering the intrinsic flow 
stress of pure titanium, and careful assessing the carefully-obtained data presented by Williams, 
Baggerly, and Paton [53] indicates a potential AAl of ~160MPa, very close to the value of 
149.5MPa deduced here. The small difference may be that the work of Williams, Baggerly, and 
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Paton was for an alloy with very little β-phase, whereas there is β present in Ti-6Al-4V and 
contains some amount of Al, reducing the strength of the dependency. Similarly, the differences 
in yield strength within the commercially pure titanium alloys suggest that the oxygen pre-factor 
AO would exceed 500 MPa. Thus, the values determined by this approach are consistent with the 
values that can be estimated (though not explicitly reported) from legacy literature data.  
 As important as this result is, it is as important to consider the potential origins of these 
values, particularly the very strong influence that oxygen exhibits. It is known that for the hcp 
alpha phase, while hcp structures can result in tetragonal distortions (asymmetric strain fields) 
for interstitial atoms due to deviations from ideal c/a ratios, it has been argued that this is not the 
cause of solid solution strengthening for the cases of Ti, Zr, and Hf [46]. Rather, for these group 
IVB elements, it is thought that solid solution strengthening arises due to short-range 
interactions between the solute atom and dislocations present [46]. In these systems, the 
dislocation disassociates according to the following reaction: 			
 
1 1 11120 2241 2241
2 8 8
− − − −
< >= < > + < > 		
     
These partials will necessarily move the dislocation position from a lattice position occupied 
by either the Ti or substitutional elements (e.g., Al) and into an interstitial lattice position. If, by 
considering a dislocation moving on the “B” layer over a stationary “A” layer, one may 
determine that this interstitial site, prior to the motion of a partial dislocation and generation of a 
stacking fault, is an octahedral site. A simple calculation considering only size of the atoms 
shows that if the atomic radii is greater than ~58pm, (oxygen is generally accepted as 60nm) than 
the oxygen atom would occupy the octahedral site. This is in agreement with recent calculations 
which show that for Ti, the octahedral site represents the energy minimum for oxygen [49]. After 
dislocation disassociation, this previous octahedral site becomes an unstable tetrahedral site, with 
far less space, and atomic forces result in a displacement of the oxygen towards the basal plane 
to occupy the hexahedral site and at an energy cost of +1.19eV [49,50]. Interestingly, an 
argument could be made that an octahedral site would also be more likely if the atom exhibits 
any tendencies towards nonmetallic bonding (e.g., either covalent or ionic). The simple argument 
is that as the bonding changes, the size of the oxygen atom might also change (get bigger), 
consequently favoring the more open octahedral site. The work of Wu and Trinkle [54] show 
(9) 
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precisely this trend in that their density of states in the 2s and 2p orbitals changes between the 
octahedral site (which appears to be more covalent) and hexahedral site.  
 Considering these arguments, it is most probable that the stable sites for oxygen are the 
octahedral sites and that any modification of a site occupied by an oxygen atom to tetrahedral 
coordination (i.e., by the passage of a partial dislocation) would result in a change in the local 
bonding as well as a considerable energy penalty to the system. Further, the strains on the local 
lattice are considerable if the oxygen site changes from an octahedral site to a tetrahedral site.  		
3.3.2. bcc beta titanium  
 With respect to the bcc beta phase, the equation took a generic form that effectively allowed 
the interaction of the two substitutional elements (V, Fe) to be automatically assessed as to 
whether the elements interact in a synergistic fashion. The forms of such interactions are 
assumed to be complex but are generally unknown. Different models have been proposed to 
calculate solid solution strengthening in which multiple elements are present in the same phase 
[41]. For example, one of the simplest models applied to the solid solution strengthening of Mo 
and W in Nb is	Δτ	=	Δτ1	+	Δτ2	where	Δτ1 and Δτ2 are the solution strengthening values of Mo and 
W in Nb, respectively. In this model, the assumptions are: 1) both solutes have similar 
dislocation pinning strength (i.e., obstacles of equal strength) and 2) yield strength changes 
linearly with respect to the solute concentration. However, often times such simplicity is not 
found. For the case where parabolic relations have been found between the solute concentration 
and the yield strength, the equation changes to: σSS,tot=Δτ~(σss,A2+σss,B2)0.5.	It is important to note 
that this model is valid when there is a random dilute array of weak or moderate (not strong) 
obstacles and that these obstacles interact [55]. Another model in the literature is for the case of 
fcc crystal structures with	Δτi α	Ci2/3	where the different types of obstacles (i.e., solute atoms) 
present are of equivalent strengths. For this case, the synergistic contributions are:		
																				(10)	2 2 33 3 21 2( )τ τΔ +Δ
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A third model exists where the combined effect is given by:  
		 																				(11)	
This model has been proposed to be valid if synergistic effects are absent. Note that this model 
will revert to the first model where interactions are present if n=½. The genetic algorithm has 
determined an optimum equation of the form	σss,tot~(σss,V0.50+σss,Fe0.50)2.15. Here, it is obvious that 
n~2. More completely, the precursors (A) and exponentials (n) have been determined to be AV 
=34 MPa and nV =0.765 for vanadium and AFe=245 MPa and nFe=0.765 for iron. Given the result 
that, in combination, n~2, it is observed that the model suggests an absence of synergistic effects 
between V and Fe. A careful assessment of the individual pre-exponential terms indicate a rather 
large difference between the influence of the two elements (i.e., the degrees of the strength of the 
two types of obstacles), and that the levels of solute in the beta phase will likely exceed 10% and 
therefore not be dilute. Thus, it is rational yet not previously established that V and Fe act 
individually rather than in a synergistic fashion.  
 Additional observations can be made with respect to all four elements (O, Al, Fe, V). Firstly, 
the pre-exponential terms of the four elements show AO>AFe>AAl>AV. The order of influence	of	
these precursors is fully consistent with the limited multiple regression analysis shown 
previously [52]. Secondly, the influence of Fe does appear to have a very pronounced influence 
on yield strength. When the contributors to AXinTi are considered, the difference in shear modulus 
between X and Ti (~44 GPa) is much greater for Fe (~82 GPa) than for V (~47 GPa). While this 
is not the only influence for solid solution strengthening in the bcc beta phase, it is an important 
one and may contribute to the difference in AX values. Secondly, the values of the exponent term 
n is greater (n = 0.765) than what is typically cited. This observation also may be rationalized. In 
principle, through rarely considered, the term n is related to the atom-normalized influence of a 
solute atom on yield strength. For close-packed systems (i.e., hcp and fcc), the values of n may 
rationally be lower than for non-close packed systems. Considering only first nearest neighbors, 
a single atom in the bcc unit cell may more significantly influence atoms present on or 
immediately adjacent to the slip plane (1 out of 8 near a slip plane) than a single atom in the hcp 
(a close packed system) unit cell (1out of 12 near a slip plane). Therefore, it is not necessarily 
1
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i
τ τΔ = Δ∑
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surprising that, for less closely packed structures, n may take forms other than what has been 
traditionally cited in the literature.  
 Without question, solid solution strengthening appears to be the dominant contributor to 
strength in α+β processed alloys within the Ti-6Al-4V specification space. Interestingly, these 
pre-factors and exponential forms enable the assessment of the relative strengths of the hcp alpha 
phase and the bcc beta phase, which have often been reported in a contradictory fashion in the 
literature, where β has been reported as being the stronger phase (due, perhaps to either solid 
solution strengthening effects or precipitates such as highly refined secondary alpha or the w 
phase) and where α has been logically argued as the stronger phase, owing to the limited number 
of slip systems when compared with the β phase. These values suggest that the relative strengths, 
once solid solution strengthening is included, are not only compositionally dependent, but can in 
fact result in either phase being the stronger phase. See Figs. 9(a-f) which plots the relative 
strength of the alpha phase with respect to the beta phase, normalized to 1 for nominally the 
specification space for Ti-6Al-4V, although Al was allowed to vary down to 5.25 wt%.  Figs 9a-
d show the influence of Al and V on the ratio of the phase strengths for: low O, low Fe (see Fig. 
9a); high O, low Fe (see Fig. 9b); low O, high Fe (see Fig. 9c); and high O, high Fe (see Fig. 
9d). Note – O = 0.07 or 0.20 wt%; Fe = 0.11 or 0.41 wt%.  Figs. 9e-f  are similar plots, but 
showing the influence of O and Fe on the relative strengths of the phases for two alloys – Ti-
5.8Al-4V (see Fig. 9e) and Ti-6.5Al-4V (see Fig. 9f). Clearly, although for most combinations 
within the specification space for Ti-6Al-4V the hcp alpha phase is stronger, there are some 
combinations, particularly for low oxygen and reduced Al levels where the bcc beta phase is 
stronger.  
 
 
3.3.3. Constrained beta estimate 
This term is presented after previous yet currently unpublished work of Viswanathan and Fraser 
[56] showed that the earliest dislocation activity in	α+β	 titanium alloys occurs in the bcc beta 
phase, and not the hcp alpha phase. Their works showed that the dislocation activity in a thick 
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beta rib would become arrested at a point where a single thick beta rib would bifurcate into two 
thinner beta ribs. This observation was fully consistent with expectations that highly constrained 
phases would exhibit greater strength than an unconstrained crystal of the same material and 
composition. Further, the work of Savage et al [52] show that the thickness of the beta ribs has a 
large influence on the degree of dislocation activity in the β-phase in Ti-6242. This paper has 
sought to include the often cited α-lath thickness effect as well as the neglected but coupled beta 
rib thickness effect. While an interesting potential effect, the refined model showed very little 
sensitivity to the thickness of the beta ribs in α+β processed Ti-64.  It should be noted that 
although this term is apparently not important in this material, the deformation will ultimately 
most easily occur in the equiaxed alpha particles, as the interfaces present in volume of material 
characterized by alpha laths (existing in either colony or basketweave form) and beta ribs will 
make this material stronger. Thus, any influence early in the loading of these materials is 
ultimately not important as the deformation of the equiaxed alpha particles is the dominant. 
 
3.3.4. Hall-Petch 
As observed in the equation extracted by refining the genetic algorithm result (σHPeq.
α= 
110MPa⋅µm½ ⋅ FVeq.α ⋅ d-½, where d is the average diameter of the equiaxed particles in µm), the 
size of the equiaxed alpha particles is reasonably important with respect to the strength levels of 
the α+β processed Ti-6-4. The Hall-Petch relationship for the α-laths is more complex. The 
exponential to the function is -0.26 rather than -0.5, which suggests that the reduction in stress 
moving away from the α/β interface acting as the barrier for the α-lath being considered. This is 
somewhat unusual, suggesting that there may be an artificial elevation in the stress state ahead of 
the first α/β interface, presenting a form that does not display a 0.5 dependency. The source of 
this increase in stress is most likely due to the very complex interplay between the deformation 
of the two phases. Although compositionally dependent, the flow stress for both phases, once the 
solid solution strengthening terms are considered, are largely within 30% of each other. Thus, 
even if the β phase is harder, as it is for some compositions, the stress pile-up in the alpha phase 
will cause dislocations to flow in the β phase, effectively reducing the available stress in the 
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neighboring alpha lath, decreasing the exponential term of the dependency. Interestingly, the pre-
exponential factor (126MPa) is quite similar to the factor observed to that observed for the 
equiaxed alpha particles (110MPa⋅µm½). This slight difference in the pre-factor term may be 
related to the effective decrease in the stress intensity factor for the alpha phase due to induced 
deformation in the beta phase. Further, it is interesting and not surprising to note that this value is 
quite close to the value of the intrinsic flow strength of the material (89MPa), considering that 
the critical resolved shear stress is an important part of the ky factor in the Hall-Petch 
relationship.  
 
 
3.3.5. Interfacial strengthening 
Though a possible strengthening mechanism, the role of interfaces on strengthening was 
minimum.  This is likely due to role of interfaces as both barriers to dislocation motion and the 
source of dislocations in the next alpha lath, separated by the β-rib. While apparently not an 
important variable in the α+β processed Ti-6Al-4V, it may be more important in more alpha or 
near alpha alloys (as well as γ TiAl alloys), where direct dislocation transmission is possible. 
 
3.3.6. Basketweave influence 
As solved, the influence of the basketweave microstructure is significant, with its fraction 
contributing to the strength at a level of 25% of the solid solution strengthening contribution. The 
mechanisms of this influence have been postulated previously, and include the m term required 
to activate slip on a different slip system in the adjacent variant, which then modifies the critical 
resolved shear stress on that new slip system.  
 
3.3.7. Sensitivity Analysis 
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The results of the sensitivity analysis are shown in Table 1. Without question, solid solution and 
the intrinsic flow stress of the material are the dominant terms in titanium alloys, with the 
microstructure contributing only about 10% to the overall average yield strength of the material 
for wrought α+β microstructures with a non-varying texture. 
 
3.4 Monte Carlo Simulations: 
 The difference between the lowest and highest possible yield strengths as predicted using the 
two equations (i.e., summation of hyperbolic tangent function from the neural networks and the 
proposed phenomenological equation) have been assessed by incorporating the Monte Carlo 
strategy constrained by the known uncertainty of the experimental data points. An example of 
this analysis is shown in Fig. 10. Notable differences between the two models only occur near 
the end of the range of the dataset, which is not surprising, given the possibility that the 
functional form of the neural network will deviate once outside the range of the test dataset.  
	
3.5	General	Thoughts		 The	form	of	the	equation	presented	in	this	paper	appears	to	both	capture	the	data	of	the	dataset	 and	 be	 consistent	 with	 the	 disconnected	 and	 limited	 data	 that	 exists	 within	 the	literature.	The	expression	of	such	a	reduced	mechanism-based	equation	for	Ti-6Al-4V	with	the	influence	of	both	O	and	Fe	has	not	been	previously	in	the	literature	yet	may	permit	its,	extension	beyond	the	database.	The	relative	influence	of	the	hcp	alpha	and	bcc	beta	phases	
as	a	function	of	composition	has	not	been	presented	in	literature.				 Yet,	there	are	caveats.		This	equation	has	been	deduced	from	a	database	containing	54	specimens	 for	wrought	alloys,	and	a	dataset	 for	which	 texture	has	not	been	measured	or	included.	The	composition	captured	in	the	equation	is	a	bulk	measurement,	and	not	a	phase	composition	 contribution	 that	would,	 in	principal,	 be	more	 accurate.	 Importantly,	 as	 this	approach	or	similar	approaches	are	applied	more	often,	and	for	both	Ti-6-4	and	other	α/β	Ti	 alloys,	 it	 will	 be	 possible	 to	 refine	 the	 parameters	 given	 in	 this	 paper	 and	 reduce	 an	
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intrinsic	uncertainty	 that	 currently	exists.	While	 this	 caveat	may	be	viewed	as	a	 risk,	 the	provision	of	certain	aspects	of	this	equation,	including	the	intrinsic	flow	strength	of	the	hcp	and	bcc	phases	and	the	influence	of	solid	solution	strengthening,	should	allow	equations	to	be	deduced	far	more	rapidly.	This	will	occur	not	only	for	other	α/β	Ti	alloys	based	upon	Al,	V,	and	Fe,	but	for	similar	microstructures	based	upon	other	alloy	additions	(Mn,	Mo,	Nb)		
Conclusions 
This work is a novel attempt to develop the phenomenological estimate of the contributions of 
chemical composition and microstructure on the yield strength of an α+β processed Ti-64 alloy 
by combining the Bayesian neural network modeling and Genetic Algorithms approaches. 
Specifically, it has been achieved by combining Genetic Algorithm with Monte-Carlo for an 
assumed phenomenological form and comparing it with the predictions of the Bayesian neural 
network models for an experimental database. The following important conclusions can be 
drawn from this work: 
• The predictions of phenomenological equations developed using a combination of 
Genetic Algorithm and Monte-Carlo are comparable to the predictions of Bayesian neural 
network models. 
• The calculated intrinsic strength of alpha phase provides a close match with the values 
reported in literature, and imparts reliability to the approach used in the work. In addition, 
a room temperature intrinsic strength value of beta phase for Ti-64 has been deduced, 
which is impossible to determine experimentally for α/β-titanium alloys. 
• The solid solution strengthening has a significantly higher contribution to the yield 
strength values in comparison to the effects of Hall-Petch strengthening, interfacial 
strengthening, β-phase constraint or the presence of basketweave. The relative strengths 
of the α and β phases have been quantitatively presented, with α the stronger phase for 
most alloys within Ti-64 specification space, but not all.  
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Figure 1. Backscattered electron micrograph of α+β  processed Ti-6Al-4V is shown. 				
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Figure 2. Effect of equiaxed alpha particle size on yield strength is shown. (a) Raw data, where the other 
variables are changing, resulting in the scatter observed in the data, and (b) results of a virtual experiment 
where the optimized neural network is exercised, artificially holding all other variables at their average values 							
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Figure 3. (a) Flow diagram of genetic algorithm is shown. (b) An example is illustrated to show how 
optimization is done to derive precursors/ powers of a proposed equation from a database. 		
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Figure 4.The construction of the phenomenological equation is shown. 		
	
Figure 5. The integration approach is shown. The combination of neural networks, genetic algorithm and 
Monte Carlo simulation leads to deriving a phenomenological equation from a database. 
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Figure 6. Distribution of predictions in: (a) NN, (b) GA, (c) refined 
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Figure 7. Compositional virtual dependencies calculated by neural network and genetic algorithm for (a) 
Al, (b) Fe, (c) O and (d) V are shown. Yield strength considerably increases by increasing the Al and O 
concentration. In contrast, the concentration 				
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Figure 8. Microstructural virtual dependencies calculated by neural networks and genetic algorithm for (a) 
mean equiaxed alpha size, (b) volume fraction of equiaxed alpha, (c) volume fraction of total alpha and (d) lath 
thickness are shown. 		
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Fig. 9:  Relative strength of hcp alpha phase and bcc beta phase (a) O=0.07 wt% and 
Fe=0.11 wt% (b) O=0.2 wt% and Fe=0.11 wt% (c) O=0.07 wt% and Fe=0.41 wt% (d) 
O=0.2 wt% and Fe=0.41 wt% (e) Al=5.8 wt% and V=4 wt% (f) Al=5.8 wt% and V=4 
wt% 			
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Table 1: Sensitivity Assessment of compositional and microstructural variables on the 
strength of	α+β	processed Ti-6Al-4V (all stress units in MPa)	
 σO σSS σHP-eq-α σHP-lath-α σConst.β BW contribution 
Avg. % of σys 10% 79.9% 2.9% 1.7% 0.5% 4.9% 
Avg. effect 83.7 637.4 23.5 13.7 3.8 39.5 
Min. effect 81.5 526.7 13.9 3.2 1.1 4.2 
Max. effect 84.9 750.6 34.7 21.8 9.2 73.3 				
		
Figure 10. Monte Carlo model comparison for (a) iron and (b) lath thickness  	
 
